Out-of-time-order correlators (OTOC), vigorously being explored as a measure of quantum chaos and information scrambling, is studied here in the natural and simplest multi-particle context of bipartite systems. We show that two strongly chaotic and weakly interacting subsystems display two distinct phases in the growth of OTOC. The first is dominated by intra-subsystem scrambling, when an exponential growth with a positive Lyapunov exponent is observed till the Ehrenfest time. This phase is essentially independent of the interaction, while the second phase is an interaction dominated exponential approach to saturation that is universal and described by a random matrix model. This simple random matrix model of weakly interacting strongly chaotic bipartite systems, previously employed for studying entanglement and spectral transitions, is approximately analytically solvable for its OTOC. The example of two coupled kicked rotors is used to demonstrate the two phases, and the extent to which the random matrix model is applicable. That the two phases correspond to delocalization in the subsystems followed by inter-subsystem mixing is seen via the participation ratio in phase-space. We also point out that the second, universal, phase alone exists when the observables are in a sense already scrambled. Thus, while the post-Ehrenfest time OTOC growth is in general not well-understood, the case of strongly chaotic and weakly coupled systems presents an, perhaps important, exception.
The quantum mechanics of classically chaotic, or in general non-integrable, systems known generically as quantum chaos presents a complex of interesting features. The universal spectral fluctuations of quantum chaotic systems are widely studied using random matrix theory (RMT) [1] [2] [3] [4] , while semiclassical spectra are described via periodic orbit theories [5, 6] . A large part of the previous works studied either time-evolving states or eigenspectra [7, 8] , while a recent trend concerns operator evolution and is therefore tied in more directly to the evolution of classical observables. Operator spreading or scrambling and out-of-time-ordered correlators (OTOC) are two quantities on which much attention has been bestowed from diverse areas [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] .
OTOC, introduced in the context of superconductivity [25] , is now being widely studied in many contexts, such as quantum gravity field theories and many-body physics, including many-body localization, models such as random quantum circuits as well as quantum walks and weak measurements [10, 14, 15, [26] [27] [28] . The OTOCs have been recently related to the other measures of quantum chaos such as spectral statistics, participation ratio and Loschmidt echo [29] [30] [31] [32] . Thus the OTOC provides a window far beyond conventional settings of quantum chaos besides providing an opportunity for new quantum measures of complexity. In particular, for chaotic systems the OTOC grow exponentially till the Ehrenfest time [33, 34] providing a quantum Lyapunov exponent [17, 35] .
The correspondence is most transparent in the increase of non-commutativity of two (say Hermitian) operators, one evolving with time. Consider
where · represents the thermal average over an ensemble at temperature T . A standard semiclassical argument makes it plausible that this can increase exponentially with time. If A and B are the position and momentum operator the commutator [x(t), p(0)] 2 is semiclassically the Poisson bracket, 2 {x(t), p(0)} 2 = 2 (∂x(t)/∂x(0)) 2 , which grows exponentially for chaotic systems, as (∂x(t)/∂x(0)) 2 ≈ exp(2λt) due to the sensitive dependence on initial conditions. It is argued that the rate has an upper bound, λ ≤ 2πk B T / [35] . The Sachdev-Ye-Kitaev (SYK) model, a disordered model of Fermions with all-to-all interactions, is one of the maximally chaotic system which saturates the bound [36, 37] . Similar bound was found in earlier studies of scrambling of quantum information around a black hole horizon [38, 39] .
The exponential growth of C(t), the Lyapunov phase, occurs in a time window t d < t < t EF where t d is a diffusion time scale that is comparatively small and does not scale with the system size, while t EF is the Ehrenfest time and could be the time of breakdown of classicalquantum correspondence if a classical limit exists. There have now been several studies of the OTOC on models of quantum chaos, such as the quantum standard map, the quantum bakers map, the cat map, and the kicked top, and on all-to-all connected spin models [17, 21, 22, 40, 41] . All these display the expected exponential growth till the Ehrenfest time, which scales as ∼ log N , where N is the Hilbert space dimension.
Beyond the Ehrenfest time, the corrections start dominating [40] , and there exists no classical correspondence for the OTOC, even if the system has a well-defined semiclassical limit, marking a less understood phase that is important to study in various settings. This Letter is concerned with the simplest multipartite system, a generic bipartite one given by H = H 1 ⊗I 2 +I 1 ⊗H 2 +b V 12 where H j are strongly chaotic subsystem Hamiltonians and V 12 is an interaction which is kept small by requiring the dimensionless b 1. Consider A(0) and B(0) to be localized to either subsystem. For the most part we will be concerned with the interesting case when they are localized on different subsystems:
The Heisenberg evolution of operator A(0) renders it entangled and therefore A(t) fails to commute with B(0) for t > 0. Thus this is the simplest multipartite setting in which entanglement is responsible for the OTOC growth and information scrambling. We find that if the operators A(0), B(0) have smooth classical limits, there are two distinct epochs, the first being one of exponential growth, the Lyapunov phase, lasting for the Ehrenfest time of the subsystems. This epoch is dominated by intra-subsystem scrambling and the Lyapunov exponent is largely independent of the interaction strength b.
The second epoch is one of exponential relaxation with a rate that is strongly interaction dependent. This marks an era of inter-subsystem scrambling and is universal in some sense, the rate being well predicted by a random matrix model that we develop here. Fig. (1) illustrates this scenario in the phase space evolution of localized densities. As a quantitative measure we also show that the participation ratio in phase space, a measure of its delocalization exhibits a clear difference between the intraand inter-subsystem scrambling phases.
If the observables used are not smooth operators, or are in some sense pre-scrambled the Lyapunov phase can be entirely absent and the OTOC relaxes exponentially from the start with the universal rate. It is interesting that even in the absence of the Lyapunov phase, it is possible to distinguish a chaotic system from non-chaotic ones, as we provide some numerical evidence that in the latter case, a putative saturation is approached algebraically (∼ 1/t) rather than exponentially.
To begin with, we study a concrete dynamical system, two coupled kicked rotors, illustrating the main features, and later use RMT to derive the exponential relaxation rate. Rather than using thermal averages, we consider the infinite temperature limit, the OTOC for two operators A and B given in Eq. (1) is then C(t) = C 2 (t)−C 4 (t), where
and C 4 (t) is an 4-point out-of-time ordered correlator. OTOC for coupled quantum kicked rotors: A rich, yet simple, class of models results when the subsystems Hamiltonians H j are 1-degree of freedom periodically forced systems. A well-studied paradigmatic model is that of two coupled kicked rotors [42] [43] [44] [45] , for which H j = 1. Till the Ehrenfest time tEF , the state in both cases are essentially the same and get scrambled within the subsystem, while after tEF , the subsystem state decoheres significantly due to intersubsystem scrambling.
q 2 ))δ t , where δ t = ∞ n=−∞ δ(t − n). The parameter b is the interaction while the individual rotor parameters K j determine local chaos. The single rotor is integrable only for vanishing kick strengths K j = 0, and there is a mixed phase space, with a finite measure of chaotic and stable regions as K increases, with widespread chaos for K 5. As is well-known, the quantum dynamics of the kicked rotors with torus boundary conditions occurs in a finite dimensional Hilbert space of dimension say N , so that both position and momentum have discrete values. The Hilbert space of two coupled rotors is the tensor product space of dimension N 2 on which the Floquet operator is of the form
where
Hj dt/ are Floquet operators of individual rotors and
is the interaction, explicit expressions are in [46] . Since position and momentum are both discrete, it is convenient to have local observables to be constructed from their translation operators T q and T p , T q |q n = |q n+1 and T p |p n = |p n+1 . In particular the observables we study are locally simply O = 1 2 (T p + T † p ) with n |T p | n = exp [2πi(n + α)/N ] δ nn in position basis, the classical limit being cos(2πq j ). We consider cases when the two rotor parameters are large and hence the subsystems are strongly chaotic.
The OTOC C(t) from Eq. The uncoupled subsystems are highly chaotic and nearly identical. The interactions, being only of the order 1/N implies that measures of chaos such as the Lyapunov exponent λ is that of the uncoupled systems ≈ ln(K 2 /2). There are clearly two phases, first is an exponential growth corresponding to the Lyapunov phase till the Ehrenfest time corresponding roughly to that of the uncoupled subsystems t EF ≈ ln N/λ. This phase is dominated by the sub-system chaos and the rate of exponential growth is to a good approximation independent of the interaction. This would be the regime of intra-subsystem scrambling with the coupling determining only the prefactor of the OTOC which is C(t) ≈ γ 1 (b)e 2λ cl t . Here λ cl comes from a classical Poisson bracket evaluation of {cos(2πq 1 (t)), cos(2πq 2 (0)} 2 ∼ e 2λ cl t , and is systematically larger than λ [46] . The interactions although classically small, are large enough that the stationary state properties of the coupled system are that of random matrices. There is a dimensionless transition parameter Λ ∼ N 4 b 2 [47] which is such that if Λ 1, the nearest neighbor spacing statistics is Wigner and the eigenfunctions are highly entangled. Thus we are already in the strong coupling regime as far as the stationary state properties are concerned.
That this first phase is dominated by intra-subsystem scrambling is further evidenced by the OTOC between observables in the same subsystem. Thus if A(0) = B(0) = O 1 ⊗ I 2 , the OTOC grows only the first phase and already saturates without a second phase as shown in Fig. (2a) . Different interaction strengths do not affect the growth significantly, and we turn to the more interesting case of the post-Ehrenfest growth of the OTOC when the observables are local on different subsystems.
In this case. the second phase is a slower exponential relaxation to the saturation value during which the relaxation rate is strongly interaction dependent and practically independent of the subsystem parameters K j . This inter-subsystem scrambling is responsible for the entanglement and eventually leads to random states on the product Hilbert space. This phase is universal in being only dependent on the fact that the subsystems are strongly chaotic and therefore is amenable to a random matrix treatment. Thus the numerical results support an approximate OTOC:
here C ∞ and γ 2 (b) are independent of time. We now turn to deriving this relaxation based on random matrix theory, in particular we show that for the standard map discussed above 2 ) is obtained presently from an RMT analysis. Pre-scrambled operators: While the second phase is universal and independent of the observables, the first phase can be completely absent if the observables do not have a smooth classical equivalent, say through the WeylWigner symbol. An extreme case of this, could be termed as a pre-scrambled operator, which has fluctuations at the scale of and is already ergodic in some sense. We take realizations of Gaussian random matrices as the local observables, O = (M + M † )/2, where M is a complex matrix, whose entry's real and imaginary parts are i.i.d. Gaussian random numbers with 0 mean and unit variance, in other words from the GUE ensemble [1, 2] . Fig. (2c) shows that the log-time growth is absent and that the relaxation is well described by the second part of Eq. (4) with the rate given by Eq. (5). The role of subsystem chaos in the second phase is to lead to an exponential relaxation. If the subsystems were not chaotic, say K 1 = 0.5 and K 2 = 0.7, the second phase with GUE observables shows a clear algebraic approach to saturation and numerical results support a 1/t approach as shown in Fig. (2d) . It maybe noted that integrable spin chains have been observed to have such a behavior [48, 49] , and we postpone the study of the rich and complex scenario of mixed phase-spaces, turning to an analytical treatment of the strongly chaotic cases. OTOC in a bipartite RMT model: In the case of strong subsystem chaos, the form of the Floquet operator in Eq. (3) motivates replacing the local unitary maps U Kj with random unitary matrices, and for analytical tractability it is expedient and useful to take these as independent at different time steps. Thus, we take for the powers U t the ensemble
where the F 1j and F 2j are independent realizations from the circular unitary ensemble, CUE that samples matrices uniformly from the group U (N ). The interaction is taken as a random diagonal matrix m 1 , n 1 |U j | m 2 , n 2 = exp(2πi ξ m1n1 )δ m1m2 δ n1n2 , where ξ k are uniform random in [−1/2, 1/2] and independent for each time j. It has been shown that as increases from 0, there is a transition in nearest neighbor level spacing statistics from an uncorrelated Poisson to the Wigner distribution [47] and this is accompanied by a universal transition in eigenstate entanglement from 0 to the nearly maximal random state average [50] . We now explore this in the time domain mainly via the OTOC, but also via participation ratio in phase space. With a view towards deriving a recursive scheme, write the four point function in Eq. (2) as,
Averaging over elements of U t and utilizing the unentangled form of B(0) = I ⊗ O 2 results in [46] ,
denotes a local unitary evolution of the operator B(0) backward in time. Importantly, it is also unentangled and hence the resultant correlator is again of the form in Eq. (2) . Recursive use of these approximations yields
Interestingly we did not have to average over the local operators F, but we have verified that this also leads to the same result. The derivation also assumes that sinc(π ) is not very small, and hence is valid for 1, which is the case of weak interactions. In practice we find that the formula is good till ≈ 0.2 [46] .
If the operators O j are diagonal in the same basis as the interaction, a situation in the standard map numerics we use, then the recursion is stopped after (t − 1) steps and the C 4 (t) is same as in Eq. (9) with t replaced by (t−1). The two point correlator C 2 (t) is approximated by the average over U t as well as the local unitary dynamics to result in
Thus within these approximations, the two point correlator C 2 (t) is trivially constant for all time and equal to Tr(O ), details are in [46] . Collecting the terms, the OTOC (for diagonal operators) is
The OTOC of the random matrix model approaches saturation with an exponential decay with a rate µ RM T ( ) = −4 ln |sinc(π )| ≈ 2π 2 2 /3 that is universal in the sense that it is independent of the choice of operators and depends only on the interaction.
For dynamical systems, with interaction propagator U b , |U b | replaces |U t |, the average is found by considering the q j as random variables. Thus for quantum maps with the time between kicks being τ (= 1 in the numerical results)
which for the case of the coupled rotors considered here, with V 12 (ξ 1 , ξ 2 ) = cos[2π(ξ 1 + ξ 2 )]/(4π 2 ), leads to Eq. (5) and its validity is illustrated in Fig. (2) . In the final approximation (∆V 12 ) 2 is the variance of the interaction. The picture of intra-subsystem scrambling giving way to inter-subsystem scrambling after the Ehrenfest time, is supported by studying the delocalization of initially localized (coherent) states in phase space: 1 , p 1 q 1 , p 1 |] of the reduced density matrix of the subsystem of the time evolved state U n |ψ(0) is helpful in visualizing the state in a given subsystem (Fig. (1) is for the coupled rotors with N = 256, K 1 = 9, K 2 = 10, b = 5/N , t 1 = 2, t 2 = 4, t 3 = 10) and a measure of its delocalization is the participation ratio (PR) defined as, PR(t) = 1/ q1,p1 Q(t) 2 q1,p1 , with the maximum value of 1 being the most delocalized in the subsystem phase-space. The participation ratio plotted in Fig. (3) illustrates strikingly that during the first phase the delocalization is independent of the interaction and essentially is that of the uncoupled system. It reaches the random matrix value pertaining to a random pure state, namely 1/2 at the Ehrenfest time before embarking on a interaction dependent second phase at which it relaxes to almost the maximum 1 indicating global delocalization [51] . While the PR(t) relaxation is also exponential as the OTOC, the rate is different and we do not yet have a precise estimate for it.
A similar scenario as above is found in preliminary many-body studies with spin-chains, which forms a natural extension. The study of mixed phases spaces, or when one of the subsystems is chaotic and other regular are of interest. Strong interaction results in the loss of subsystem identities and it is interesting that the RMT model described above overestimates the rate of relaxation. Connections to relaxation rates such as the RuellePollicott resonances is also of interest.
Supplemental material for "Scrambling in strongly chaotic weakly coupled bipartite systems: Universality beyond the Ehrenfest time-scale" In the supplemental material, we (i) give a detailed derivation for the OTOC using the RMT model, (ii) present data on its limitations with respect to large interaction strengths (iii) discuss the classical analogue of OTOC -Poisson bracket and numerically compare the classical and quantum Lyapunov exponents for the coupled standard maps, (iv) show the dynamics of a coherent state in the quantum phase space through Husimi functions illustrating the differences between pre-and post-Ehrenfest regimes.
Explicit form of the operators used in the main text are as follows. In the position basis with 0 ≤ n j ≤ N − 1
while the interaction U b is a diagonal matrix with entries given by
The quantum phase α controls parity which we break with the choice of α = 0.35. Unlike most earlier studies, we choose to preserve time-reversal symmetry.
OUT-OF-TIME ORDER CORRELATOR
We derive the expression for out-of-time-order correlator for bipartite system. The OTOC is defined through Eqs. (1, 2) . For strong subsystem chaos, the local Floquet operators are modeled as being taken from circular unitary ensemble (CUE). The evolution for time t is given by Eq. (6) with F 1j and F 2j are independent members of CUE. The interaction U j consist of a unitary diagonal matrix m 1 n 1 |U j |m 2 n 2 = exp(2πi ξ m1n1 )δ m1m2 δ n1n2 with ξ k being a uniform random in [−1/2, 1/2] [1] and independent for each time j.
For the two-point function, C 2 (t), for t > 1, we get after averaging over U t ,
The last term can be simplified to,
Further, we average over the local random matrices F 1t and F 2t :
Substituting j|F|k l|F |m = δ jl δ km /N [2] in Eq. (S4), results in,
Similarly for the four-point function, we write C 4 (t) as,
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Averaging over elements of U t , results in
The last term gives sinc 4 (π ) to the leading order in N . As B(0) = I ⊗ O 2 is unentangled, this simplifies to
) represents the local evolution of the operator backward in time. Since B loc is also unentangled and hence the resultant correlator is again of the form in Eq. (2) . Recursive use of these approximations yields
Interestingly, the leading order term is independent of local operators F so we did not have to average over them. The lower order terms include the F but do not contribute significantly even after averaging over local unitary operators. Thus, substituting Eq. (S9) and Eq. (S5) in Eq. (1) of the main text, we get final expression for OTOC,
and the relaxation rate µ can be written as,
VALIDITY OF RELAXATION RATE
Beyond Ehrenfest time, the OTOC approaches saturation values with exponentially decaying rate. The OTOC in this regime can be modeled by random matrix and therefore we call it RMT phase. The relaxation rate depends only on the interaction and is given by Eq. (12) . For coupled kicked rotor and the RMT model the rate is given by Eq. (5) and Eq. (S11) respectively.
The relaxation rate can be used to find relation between parameters b and . When relaxation rates are equal for both quantum kicked rotor and RMT model, we get from Eqs. (5, S11),
for b, 1. This simplifies to,
Same relation can be obtained by considering the operator U b or U as perturbation to the uncoupled system. The relation can be computed by equating the parameter Λ = v 2 /D 2 for both cases, where v 2 is the off-diagonal variance of elements of perturbation matrix when measured in the basis of unperturbed system, and D is the mean level spacing in the spectrum [1] .
We show in Fig. (S1) how well the rates µ RM T ( ) and µ(b) agree with numerical simulations for a wide choice of couplings b and . The is calculated from b by Eq. (S13). There is very good agreement with the theoretical values for even moderately large coupling, but we see systematic departures for very strong interactions when b > π/N . We speculate that at this level of interaction the subsystems do not randomize sufficiently to be modeled by random matrices at early times. It must be noted that no such deviations have been or can be seen in the properties of stationary states. . We consider N = 64 for these plots.
OTOC FOR OPERATORS IN SAME SUBSPACE
When operators are in same subspace, i.e., A = O 1 ⊗ I and B = O 2 ⊗ I, the OTOC grow same as subsystem
2 ), differ only by a multiplicative constant. For operators in same subspace, Eq. (S8) can be written as,
Here
The last term is equal to the subsystem four-point function. The two-point function remain same and is N times of subsystem two-point function. Thus OTOC for this case is approximately N times of sub-system OTOC. Since four-point and two-point functions for subsystem are O(1) and O(N ) implying C(t) ≈ C 2 (t) for large N , The OTOC becomes constant after Ehrenfest time and we do not see a interaction dependent growth. This is also confirmed in Fig. (2a) .
CLASSICAL BEHAVIOR -POISSON BRACKETS
The OTOC exhibits an exponential growth (with rate 2λ L ) in the Lyapunov phase t < t EF as shown in the inset of Fig. (2a) . The OTOC being a function of a commutator, has its classical analogue in terms of Poisson brackets. We show that the Poisson bracket grows exponentially in time for chaotic system with rate same as 2λ L . The corresponding classical function is Poisson bracket squared of equivalent classical functions A = cos(2πq 1 )) and B = cos(2πq 2 ),
For chaotic systems, the last term grows exponentially, ∂q 1 (t)/∂p 2 (0) ∝ exp(λ cl t). Thus a qualitative expression for C cl can be written as,
To numerically estimate the Lyapunov exponent, we consider the ensemble average of λ cl ,
Here the term f (t) ∝ sin 2 (2πq 1 (t)) fluctuates with time. Therefore log(f (t)) remains constant. Thus log(C cl (t)) increases linearly in time with slope being equal to twice of the Lyapunov constant.
For numerics, let M n represents the Jacobian at n-th kick i.e., j|M n |k = ∂x j (n − 1)/∂x k (n − 1), where (x 1 , x 2 , x 3 , x 4 ) ≡ (p 1 , q 1 , p 2 , q 2 ). The above mentioned term ∂q 1 (t)/∂p 2 (0) in Eq. (S15) can be numerically evaluated by computing the element 2|J|3 of matrix J,
We numerically evaluate the right hand side of Eq. (S17) after each kick. In numerical simulations, The initial values of p 1 (0), q 1 (0), p 2 (0), q 2 (0) are taken from uniform random distribution in range (0, 1). We consider an ensemble of 1, 00, 000 such initials. The Lyapunov exponent is evaluated in Fig. (S2) . The classical Lyapunov exponent is compared with the quantum exponent obtained from OTOC in the Table S1 . The quantum exponents are in good agreements with classical ones. 
SCRAMBLING IN PHASE SPACE
In support of the fact that the dynamics is intra-subsystem until Ehrenfest time followed by inter-subsystem mixing, we numerically study the reduced Husimi function. The Husimi function for the coupled system H(t) q1,p1;q2,p2 and state |ψ(t) is given by, H(t) q1,p1;q2,p2 = q 1 , p 1 ; q 2 , p 2 |ρ(t)|q 1 , p 1 ; q 2 , p 2 ,
where ρ(t) = |ψ(t) ψ(t)|) is the density matrix for the normalized wave function and |q 1 , p 1 ; q 2 , p 2 = |q 1 , p 1 ⊗ |q 2 , p 2 corresponds to coherent state localized at (q 1 , p 1 ; q 2 , p 2 ).
Since the phase space for the coupled system is four dimensional, we can't visualize the dynamics. We instead observe the dynamics of one of the sub-system using, what is known as reduced Husimi function [3] . For sub-system, B the reduced Husimi function is given by, Q(t) q,p = q, p|ρ B (t)|q, p , where ρ B = Tr A ρ is the reduced density matrix, obtained by tracing over first subsystem, The ground state of the Harper Hamiltonian, H = 2 − (T q + T † q + T p + T † p )/2 can be taken as the coherent state |0, 0 for the subsystem [4] . We shift the ground state using position and momentum translation to get any state |n, m = T m p T n q |0, 0 localized at (m, n) We show in Fig. (S3) the phase plot using reduced Husimi function for a coherent state, |ψ(0) = |q 0 , p 0 ; q 0 , p 0 localized at (q 0 , p 0 ) = (0.7, 0.3) in both subspaces. We observe that the Husimi function looks independent of b till Ehrenfest time and start becoming flatter as b increases after Ehrenfest time.
